Abstract. We describe the Whitehead products in the rational homotopy group of a connected component of a mapping space in terms of the André-Quillen cohomology. As a consequence, an upper bound for the Whitehead length of a mapping space is given.
Introduction
We assume that all space in this paper are path connected CW-complexes with a nondegenerate base point * . Let X and Y be simply-connected spaces and map(X, Y ; f ) the path component of the space of free maps from X to Y containing the based map f : X → Y . We denote by ΛV and B a minimal Sullivan model for Y and a model for X, respectively. Let f : ΛV → B be a model for f and Der |v k |) + |ψ|(
The following is our main result of this paper. If X is finite, then the bracket in H * AQ (ΛV, B; f ) coincides with that due to Buijs and Murillo [3] up to sign. Thus Theorem 1.1 is regarded as a generalization of [3, Theorem 2] . Let map * (X, Y ; f ) be the path-component of the space of based maps form X to Y containing the based map f : X → Y . We apply the same argument to the case of the based mapping space map * (X, Y ; f ); see the last of Section 3 for details.
As an application of the main result, we study the Whitehead length of a mapping space. The Whitehead length of a space Z, written WL(Z), is the length non-zero iterated Whitehead products in π ≥2 (Z). In [12] , Lupton and Smith give some results and examples related to a Whitehead length of mapping spaces map(X, Y ; f ) using a Quillen model. We will give another proof of their results using the bracket in the André-Quillen cohomology; see Proposition 4.1. To give an upper bound for the Whitehead length of map * (X, Y ; f ), we introduce a numerical invariant.
Definition 1.2 ([5, p315])
. Let A be a connected graded algebra. The product length of A, written nilA, is the greatest integer n such that A + A + · · · A + = 0 (n factors).
In [2] , Buijs proved the following theorem. 
Using the bracket in the André-Quillen cohomology, we can prove the following proposition, which refines the above result in the case when the source space of the mapping space is finite CW complex; see Remark 4.4. Proposition 1.4. Let X and Y be simply-connected spaces with finite type over Q and B a model for X. Assume further that Y is Q-local. Then, we have
Moreover, if WL(Y ) = 1 and nilB ≥ 2, then
We will also compute the Whitehead length of mapping spaces map(
. The organization of this paper is as follows. In Section 2, we will recall several fundamental results on rational homotopy theory. The isomorphism Φ in [1] and [11] is also described. In Section 3, we prove Theorem 1.1. To this end, a model for the Whitehead product of mapping spaces will be constructed in the section. The Whitehead length of mapping spaces is considered in Section 4. A computational example of the Whitehead length is presented in Section 5.
Preliminaries
We refer the reader to the book [5] for the fundamental facts on rational homotopy theory. A Sullivan algebra is a free commutative differential graded algebra over the field of rational numbers Q (or simply CDGA in this paper), (ΛV, d), with a Q-graded vector space V = i≥1 V i where V has an increasing sequence of sub-
We recall a minimal Sullivan model for a simply-connected space X with finite type. It is a Sullivan algebra of the form (ΛV, d) with
, is the form (Λ(e n ), 0) if n is odd and (Λ(e n , e 2n−1 ), de 2n−1 = e 2 n ) if n is even, where |e n | = n and |e 2n−1 | = 2n − 1. A model for a space X is a connected CDGA (B, d) such that there is a quasiisomorphism from a minimal Sullivan model for X to B. The two maps of CDGA ϕ 1 and ϕ 2 from a Sullivan algebra ΛV to a CDGA A are homotopic if there exists a CDGA map H : ΛV → A ⊗ Λ(t, dt) such that (1 · ε i )H = ϕ i for i = 0, 1. Here, Λ(t, dt) is the free CDGA with |t| = 0, |dt| = 1 and the differential d of Λ(t, dt) sends t to dt. The map ε i : Λ(t, dt) → Q defined by ε i (t) = i. Denote [ΛV, A] by the set of homotopy classes of CDGA maps from ΛV to A.
Let f : X → Y be a map between spaces of finite type. Then there exists a CDGA map f from a minimal Sullivan model (
commutative up to homotopy. Let ρ : ΛV X ≃ −→ B a model for X, we call ρ f a model for f associated with models ΛV Y and B and denote it by f .
We use the following result when constructing a model for the Whitehead product of a mapping space. We next recall the definition of the Whitehead product. Let α ∈ π n (X) and β ∈ π m (X) be elements represented by a : S n → X and b : S m → X, respectively. Then the Whitehead product [α, β] w is defined to be the homotopy class of composite
where η is the universal example and ∇ : X ∨ X → X is the folding map. Recall that the differential d of ΛV can be written by
We see that the quadratic part d 1 is related with the Whitehead products in π * (X). We denote by Q(g) n : V n → Qe n the linear part of a model for g, g : ΛV → M (S n ). Define a paring and a trilinear map
(|v| = n) and vw; α, β = v; α w; β + (−1) |w||α| w; α v; β , respectively.
Proposition 2.3 ([5, Proposition 13.16]).
The following holds
We conclude this section by recalling the isomorphism Φ defined in [1] and [11] from π n (map(X, Y ; f )) to H −n AQ (ΛV, B; f ) in the setting of a simply-connected space X and a Q-local, simply-connected space Y with finite type. We here recall the complex of f -derivations from ΛV to B which denoted by Der
We note that g satisfy g| X = f . Then there exists a model g : ΛV → M (S n ) ⊗ B for g such that the following diagram is strictly commutative;
where ε : M (S n ) → Q is the augmentation; see Lemma 3.1. Since S n is formal, there is a quasi-isomorphism φ : M (S n ) → (H * (S n ; Q), 0) and, for any v ∈ ΛV , we may write
Then we see that θ is a f -derivation of degree −n and also a cycle in Der * (ΛV, B; f ). Put Φ(α) = θ. 
is an isomorphism of abelian groups for any n ≥ 2.
A model for the adjoint of the Whitehead product
We retain the notation and terminology described in the previous section. In order to consider the image of the Whitehead product in π * map(X, Y ; f ) by the isomorphism Φ, we construct an appropriate model for the adjoint of the Whitehead product. This is the key to proving Theorem 1.1. Let X be a simply-connected space, Y a Q-local, simply-connected space of finite type and f : X → Y a based map. We denote by (ΛV,
We prepare for proving Theorem 1.1. We see that a minimal Sullivan model for S n ∨ S m has the form
in which dι n+m−1 = e n e m and |ι n+m−1 | = n + m − 1 < |x i | for any i ≥ 1; see [5, p177] .
Lemma 3.1. Let g : S n × X −→ Y be a map with g| X = f . Then there exists a model g for g such that the diagram is strictly commutative;
where ε : M (S n ) → Q is the augmentation. Moreover, if g satisfy g| X = f and g| S n = * , where * : S n → Y is the constant map to the base point, then there is a model g for g such that the following diagram commute strictly;
S S S S S S S S S
where u : Q → M (S n ) is the unit map.
Proof. Let g ′ be a model for g. We define the map g :
Then g and g ′ are homotopic. Indeed, f and pr • g ′ are homotopic and let H : ΛV −→ B ⊗ Λ(t, dt) be a its homotopy. Then, the map
is a homotopy from g ′ to g. A similar argument shows the second assertion.
Given α ∈ π n (map(X, Y ; f )) and β ∈ π m (map(X, Y ; f )). Let g : S n × X → Y and h : S m × X → Y be the adjoint maps of α and β, respectively. In order to consider the image of [α, β] w by Φ, we construct a model for the adjoint of [ 
where (g|h) is a map defined by (g|h)(u n , x) = g(u n , x) and (g|h)(u m , x) = h(u m , x) for any u n ∈ S n , u m ∈ S m and x ∈ X. It is readily seen that the canonical map
is a surjective quasi-isomorphism, where
is the pull-back of the augmentations M (S n ) → Q and M (S m ) → Q. By Proposition 2.1, we have the following homotopy commutative square
(g|h) h t t j j j j j j j j j j j j j j j j j j j j
enables us to give the following homotopy commutative diagram:
where (g, h) is the map defined by (g, h)(
are the inclusion. Indeed, by the diagram (3.1), we see that the diagram
homotopy commutative, where p 1 and p 2 are the projection. Let H 1 and H 2 be homotopies from (p 1 π ⊗ 1)(g|h) to g and from (p 2 π ⊗ 1)(g|h) to h, respectively. Then, a CDGA map
for any v ∈ V is a homotopy from (π ⊗ 1)(g|h) to (g, h). If there is a map φ :
, φ and (g|h) is homotopic by Proposition 2.1. Therefore, it is only necessary to construct of a lift φ of the diagram (3.2) for getting a model for (g|h).
Lemma 3.2. There is a model φ for (g|h) such that for any v ∈ V , φ(v) has no term of the form e n e m ⊗ u for some u ∈ B and the following diagram commutes strictly;
Proof. First, we recall the construction of a lift φ ′ in Remark 2.2. For any basis v of V , we can find a ∈ M (S n ∨ S m ) ⊗ B so that da = φ ′ dv and (π ⊗ 1)a = (g, h)v. We may write a = 1 ⊗ f (a) + e n ⊗ a 2 + e m ⊗ a 3 + ι n+m−1 ⊗ a 4 + e n e m ⊗ a 5 + O a , where a i ∈ B and O a denote other terms. We put
Then it follows that d(a) = d(a ′ ) and (π ⊗ 1)(a) = (π ⊗ 1)(a ′ ). Hence, the map φ defined by φ(v) = a ′ satisfies the condition that (π ⊗ 1)φ = (g, h). Thus we see that φ is a model for (g|h). The second assertion is shown using the equation (3.3).
Combining these results we prove our main result. Proof of Theorem 1.1. Given α ∈ π n (map(X, Y ; f )) and β ∈ π m (map(X, Y ; f )). Let g : S n × X → Y and h : S m × X → Y be the adjoint maps of α and β, respectively. First, by the proof of Proposition 2.3, we see that a model η for the universal example η sends
. We choose a model φ for the map (g|h) as in Lemma 3.2. We may write, modulo the ideal generated by elements of M (S n ∨ S m ) of degree greater than n + m − 1 and generators e 2n−1 and e 2m−1 if there exists,
On the other hand, φ is a CDGA map and satisfies the condition of Lemma 3.2. We then have
By commutativity of the diagram (3.2) and the definition of Φ, we see that
. This completes the proof.
In the rest of this section, we also consider the Whitehead product in a based mapping space map * (X, Y ; f ). Given α ∈ π n (map * (X, Y ; f )) and let g : S n × X → Y be the adjoint map of α. Since g satisfy g| X = f and g| S n = * , by Lemma 3.1, there exists a model for g, g, such that (ε · 1)g = f and (1 · ε)g = uε. The second equation shows that Φ(α) is a f -derivation of degree −n from ΛV to the augmentation ideal B + of B. We then get the map of abelian groups
for n ≥ 2 and a straight-forward modification of Theorem 2.4 shows the following proposition..
This proposition also enables us to get the following corollary. Proof. Given α ∈ π n (map(X, Y ; f )) and β ∈ π m (map(X, Y ; f )). Since εΦ ′ (α) = 0 and εΦ ′ (β) = 0, it follows that εΦ ′ ([α, β] w ) = 0 by the formula (1.1).
The Whitehead length of mapping spaces
In this section, we consider the Whitehead length of mapping spaces. We recall the definition of the Whitehead length; see Section 1. By the definition, WL(Z) = 1 means that all Whitehead products vanish. Now we consider a upper bound of WL(map(X, Y ; f )). The following result is proved by Lupton and Smith. 
We give another proof of Proposition 4.1 using the bracket defined by Theorem 1.1. Before proving the proposition, we introduce a numerical invariant which is called the d 1 -depth for a simply-connected space Z and recall the relationship between the Whitehead length and the d 1 -depth. The d 1 -depth of Z, denoted by d 1 -depth(Z), is the greatest integer n such that V n−1 is a proper subspace of V n with 
Thus our upper bound of the Whitehead length of the mapping space may be less than that described in Theorem 1.3.
Computational examples
We shall determine the Whitehead length of the mapping space from
For this, we first compute the homotopy group of the mapping space. Recall that the CDGAs (Q[z 2 ], 0) and (Λ(
) are minimal Sullivan models for CP ∞ and CP n , respectively. Here, |x 2 | = |z 2 | = 2 and |x
defined by ρ(x 2 ) = y 2 , ρ(x defined by f (z 2 ) = q 1 (w 2 ⊗ 1), f (x 2 ) = q 2 (w 2 ⊗ 1) + q 3 (1 ⊗ x 2 ) and f (x ′ 2n+1 ) = 0. for some q 1 , q 2 , q 3 ∈ Q.
Proof. We put Der 
